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Ultrashort non-resonant electromagnetic pulses applied to effective one-electron systems may operate on the
electronic state as a position or momentum translation operator. As derived here, extension to many-body
correlated systems exposes qualitatively new aspects. For instance, to the lowest order in the electric field
intensity the action of the pulse is expressible in terms of the two-body reduced density matrix enabling thus to
probe various facets of electronic correlations. As an experimental realization we propose a pump-probe scheme
in which after a weak, swift ”kick” by the non-resonant pulse the survival probability for remaining in the initial
state is measured. This probability we correlate to the two-body reduced density matrix. Since the strength of
electronic correlation is bond-length sensitive, measuring the survival probability may allow for a direct insight
into the bond-dependent two-body correlation in the ground state. As an illustration, full numerical calculations
for two molecular systems are provided and different measures of electronic correlations are analyzed.
PACS numbers: 82.53.Kp,31.10.+z,31.15.A-,71.10.-w
I. INTRODUCTION
Recent experiments demonstrated the feasibility of ultra-
short attosecond laser pulses and their use in combination with
other optical pump-probe techniques to access various facets
of the electronic and ionic dynamics [1–5]. Of a special rele-
vance here are strongly time-asymmetric pulses. The simplest
example is a mono cycle, time asymmetric pulse for which
one half cycle could be short and strong and the other half
cycle could be longer but weaker in a way that the time in-
tegral over the electric field amplitude vanishes, as required
for a propagating pulse. When interacting with matter, the ef-
fect of two half cycles could be quite different [6–9]. For
instance, if the first half cycle (with duration τ) is shorter
than the time of relevant transitions taking place in the sys-
tem, whilst the second, weaker half cycle is much longer, then
the effect of the whole pulse is mainly governed by the first
half cycle of the pulse (HCP). Henceforth we refer to this sit-
uation as the HCP case. The second half cycle may act as an
off-set DC tail (if weak/long enough). In this limit it is con-
venient and sometime sufficient to introduce theoretically the
notion of HCP kick as a useful idealization of the action of the
whole pulse [6, 10–21]: Namely, in the HCP case, the system
is insensitive to the details of the pulse temporal shape. This
allows relating the action of HCP to that of a kick, i.e., a δ
function in time. Substantial simplifications of the triggered
quantum dynamics follow then. We will demonstrate below
that by performing measurements in an appropriate setup on
the system immediately after such an excitation allows to in-
fer the strength of the electronic correlation in the system and
its dependency on the internal structure, and to quantify the
entanglement. The experimental arrangement that we suggest
is the following: We start from the ground state, of say some
molecular structure (another stationary case is also possible)
and ”shake” the electronic system by a weak but short HCP.
As the system evolves and possibly dissociates we measure,
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e.g., via the time-resolved photoemission [22] the initial-state
remaining, i.e. what we will call the survival probability. De-
tecting only the kinetic energies of the dissociating ions upon
the kick, one may access information on the ionic time evolu-
tion that can be used when measuring the time-resolved sur-
vival probability as a function of the molecular bond (since at
this particular time one has information on the molecular bond
distance). Currently we are not aware of any corresponding
experiment to this proposal, however, the ingredients of the
suggested setup, such as HCP, time-resolved photoemission
were demonstrated [23–25]. From the survival probability
we deduce features akin to the reduced two-particle density
matrix.
Specifically, the envisaged experiment should measure
upon the kick the initial state occupation probability as a func-
tion of the evolving internuclear distance. It is this quantity
which we calculated numerically and will be discussing be-
low. Knowing (from theory or experiment [26, 27] molecular
bond distance upon the non-resonant pulse excitation we can
so image the time evolution of the survival probability. We re-
late it below to the reduced two-particle density matrix which
vanishes for the single determinantal states and, thus, can be
used as a measure of electronic correlations.
So the key point of this study is how to measure and quan-
tify electronic correlations. In Sec. II we give an explicit
expression for the probability of the system to remain in its
ground state after the application of a δ-like pulse. While
for one-electron systems the quantum dynamics was discussed
by many authors the nontrivial part tackled here is the many-
body nature of the problem. In Sec. III we put the discussed
probability in the context of other proposed measures of elec-
tronic correlations: the Frobenius norm of the second cumu-
lant matrix and the von Neumann entropy. Stretching molec-
ular bonds incur in general a change in the amount of correla-
tions in the electronic subsystem. The proposed experiment is
illustrated by numerical simulations which show what a pos-
sible outcome may be expected (Sec. IV). The dependence of
different correlation measures on the interatomic distances is
studied, and analytical expressions in the asymptotic regime
are obtained. Additionally, our calculations allow to test nu-
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2merically for important inequalities for the entropy measures.
II. THEORY
Consider an N-electron system in its ground state. Its
electronic properties are completely described by the many-
body wave function ψ0(1, 2, . . . ,N). Although the choice of
the gauge is irrelevant for the present discussion we will as-
sume here the light-matter interaction to be given in the length
gauge by the dipole operators dˆα, where α denotes a projection
(determined by the pulse polarization). The coupling opera-
tors are of one-particle type, Hermitian (dˆα = (dˆα)†) and of
vector character. By choosing a suitable one-particle basis we
can cast the light-matter interaction in the second-quantized
form δH(t) = −∑α ∑i, j dαi jEα(t)cˆ†i cˆ j, where Eα are the com-
ponents of the electric field vector. Acting on the system with
a pulse that has the time-dependence Eα(t) = Eα0δ(t) with a
peak amplitude at t = 0, we can write the state of the system
at t =  shortly after the pulse as
ψ+ = ei
∑
i, j S i j cˆ
†
i cˆ jψ0 = eiSˆψ0. (1)
δ is a regularized version of the mathematical δ-function on
[0, ] interval and S i j = −
∫ 
0 dt
∑
α dαi jE
α
0δ(t) has a dimen-
sion of the action (we use atomic units throughout the text).
Mapping the pulse generated state on the ground (initial) state
ψ0, i.e., taking the overlap 〈ψ0|ψ+〉 of (1) we obtain the sur-
vival (recurrence) probability to be in ψ0 after the pulse. This
quantity is central to the following discussion.
The quantum-mechanical average of the operator Sˆ =∑
i, j S i jcˆ
†
i cˆ j can be treated like any statistical average using
the cumulant expansion:
〈ψ0|ψ+〉 = exp
{ i
1!
S1 +
i2
2!
S2 +
i3
3!
S3 + · · ·
}
. (2)
The correlation functions are well known:
S1 = 〈Sˆ 〉, S2 = 〈Sˆ 2〉 − 〈Sˆ 〉2, (3a)
S3 = 〈Sˆ 3〉 − 3〈Sˆ 2〉〈Sˆ 〉 + 2〈Sˆ 〉3. (3b)
These averages can be computed in terms of reduced density
matrices (RDM)
1Dij = 〈ψ0|cˆ†i cˆ j|ψ0〉, (4a)
2Dikjl = 〈ψ0|cˆ†i cˆ†k cˆlcˆ j|ψ0〉, (4b)
3Dikmjln = 〈ψ0|cˆ†i cˆ†k cˆ†mcˆncˆlcˆ j|ψ0〉. (4c)
In order to do so we need some additional notations for oper-
ators. Sˆ n is a n-body operator, i.e. it is given by an expression
containing n creation and n annihilation operators. Let [Sˆ n]
denote a one-particle operator which is given by the nth power
of Sˆ operator in the first quantization, i.e.
[Sˆ n] =
∑
i j
(S n)i jcˆ
†
i cˆ j.
In these notations:
S2 = −〈Sˆ ⊗ Sˆ 〉 + 〈[Sˆ 2]〉 − 〈[Sˆ ]〉2,
S3 = −〈Sˆ ⊗ Sˆ ⊗ Sˆ 〉 − 3〈[Sˆ 2] ⊗ Sˆ 〉 + 〈[Sˆ 3]〉
+3〈Sˆ ⊗ Sˆ 〉〈Sˆ 〉 − 3〈[Sˆ 2]〉〈[Sˆ ]〉 + 5〈[Sˆ ]〉3,
where the pAˆ ⊗ qBˆ denotes the normal form of the product pAˆ
and qBˆ, the p- and q-body operators, respectively. It is defined
as follows:
pAˆ =
∑
i,j
Aijcˆ
†
i1
. . . cˆ†ip
(
cˆ j1 . . . cˆ jp
)T
,
qBˆ =
∑
k,l
Bkl cˆ
†
k1
. . . cˆ†kq
(
cˆl1 . . . cˆlq
)T
,
pAˆ ⊗ qBˆ =
∑
i,j
∑
k,l
AijB
k
l cˆ
†
i1
. . . cˆ†ip cˆ
†
k1
. . . cˆ†kq
×
(
cˆl1 . . . cˆlq cˆ j1 . . . cˆ jp
)T
.
In these expressions i, j, and k, l, are the p and q-dimensional
vectors of indices.
For our discussion it is instructive to introduce the cumulant
density matrices [28, 29] p∆ which allow to decompose the p-
RDM in terms of correlated (connected) p-particle correlator
and products of lower order correlators [30]:
1
1!
1Dij =
1∆ij, (5a)
1
2!
2Dikjl =
1∆ij ∧ 1∆kl + 2∆ikjl, (5b)
1
3!
3Dikmjln =
1Dij ∧ 1Dkl ∧ 1Dmn + 3 2∆ikjl ∧ 1Dmn + 3∆ikmjln , (5c)
where ∧ denotes the wedge product [31] (for mathematical
details we refer to a treatise on differential forms [32] where
∧ appears under the name exterior product). We have, for
instance:
1∆ij ∧ 1∆kl =
1
2
(
1∆ij
1∆kl − 1∆il1∆kj
)
.
The 1/n! prefactor on the rhs of Eqs. (5) appears naturally
when the density matrices are written in the first quantization:
1
n!
nD(1, . . . , n; 1′, . . . , n′) =
∫
ψ∗0(1, . . . , n, n + 1, . . . ,N)
× ψ0(1′, . . . , n′, n + 1, . . . ,N)d(n + 1, . . . ,N), (6)
where i ≡ (ri, si) denotes a collection of space and spin coor-
dinates.
Returning back to Eq. (2) we find by direct comparison
1
1!S1 =
∑
i j S i j1Dij. It is, however, the second cumulant that
gives the lowest order (in |E0|2) contribution to the survival
probability, namely
|〈ψ0|ψ+〉|2 ≈ exp [−S2] ≈ 1 −S2,
S2 =
∑
i jkl
S i jS kl2Dikjl + σ
2
S . (7)
Thus, S2 can be written as the averaged value of a two-body
operator (first term in Eq. (7)), whereas σ2S = 〈[Sˆ 2]〉 − 〈[Sˆ ]〉2
3is computed from 1-RDM. This equation can be written in an
alternative form. Consider the natural orbital basis (i.e. a basis
in which 1-RDM is diagonal):
S2 =
∑
i jkl
S i jS kl
[
2∆ikjl + fi fk(δi jδkl − δilδk j)
]
+
∑
im
(S imSmi fi − S iiSmm fi fm)
=
∑
i jkl
S i jS kl2∆ikjl +
∑
im
|S im|2 fi(1 − fm), (8)
where fi is the occupation number of the ith natural orbital.
Despite the fact that the second term in Eq. (8) has a form of
the Fermi golden rule [33] the latter is only valid for suffi-
ciently long pulses (adiabatic switching).
Eq. (7) is a quite remarkable result as it allows to express
the averaged 2-RDM in terms of experimentally measurable
quantities: the survival probability and the mean square de-
viation of an excitation operator. Alternatively, one can use
the form (8) to access the 2∆ cumulant as a correction to the
single-particle result. A possible experiment that we sketched
in the introduction, could be a pump-probe setup in which the
system is excited non-resonantly by a half-cycle pump pulse
and the probe laser pulse is used to monitor the ground state
occupation. We envisage an application to molecular sys-
tems in which the amount of electronic correlations and, thus,
〈[Sˆ ⊗ Sˆ ]〉 are driven by changes of geometry. On the other
hand, the one-body part σ2S is a quantity that is weakly depen-
dent on the geometric configuration (see also the discussion
below) and can also be easily computed [34].
For a faithful correlation measure it is desirable to minimize
the artifacts coming from the dependence of Sˆ on the system’s
geometry. Consider a system subject to stretching. The values
of the matrix elements S i j can be quite large as compared to
the equilibrium geometry. Correspondingly, the value of S2
obtained according to Eqs. (7), (8) will be at variance with the
equilibrium value – the effect that is not necessarily reflecting
properties of 2∆. It is possible, however, to suppress to some
extent the large contributions to S2 originating from the diag-
onal matrix elements of Sˆ . This can be achieved, for example,
by performing the experiment with oriented systems and ap-
plying the HCP field in the direction for which 〈S 〉 = 0. Such
condition is always possible to achieve for systems which con-
tain Cs as their symmetry subgroup and is quite common. Un-
der this condition also σ2S is weakly dependent on the geome-
try.
Is it possible to devise a measurement that exclusively
probes the cumulant density matrix 2∆? Our answer to this
question is negative, based on the fact that the generating func-
tional for the cumulant and the reduced density matrices
G(J) = 〈ψ0|O
(
e
∑
k Jk cˆ
†
k+J
∗
k cˆk
)
|ψ0〉 (9)
is different from the bosonic-like generator of the evolution
operator (1). In other words, in order to probe the fermionic
RDMs one needs a direct coupling to fermionic degrees of
freedom as Grassmann variables Jk in Eq. (9) realize.
Nonetheless, we will demonstrate below using two numer-
ical examples that the survival probability is a versatile mea-
sure of electronic correlations and will compare it to other pro-
posed measures of electronic correlations and entanglement.
III. MEASURES OF ELECTRONIC CORRELATION AND
ENTANGLEMENT
It was shown by Juha´sz and Mazziotti [35] that the Frobe-
nius norm of the second cumulant matrix (||2∆||2F = Tr[(2∆)2])
possesses a number of properties that make it a useful mea-
sure. ||2∆||F scales linearly with the system size and vanishes
for single-determinant states. Although it is well suited to
compare different configurations of the same system such a
measure is less suited to compare different systems as its up-
per limit is not known.
Here come informational measures into play, e. g. von Neu-
mann entropy . The entropies based on the 1-RDM have been
widely studied. Less known are the entropies based on 2-
RDM. Carlen and Lieb [36] considered recently the bipartite
fermionic states and proved several bounds for the entropy
based on 2D. For a Hilbert space of the H1 ⊗ H2 Hamilto-
nian and corresponding ρ12 density matrix the von Neumann
entropy can be computed as
S 12 = −Trρ12 log ρ12,
where the trace is understood in the sense of the tensor product
H1⊗H2. The 2-RDM of a N-particle fermionic system can be
considered as a density matrix of a bipartite fermionic state.
For this case the following bounds are known (cf. Carlen and
Lieb [36])
S (ρ12) ≥ 2 ln N + O(1), (10)
2S 1 − S 12 ≥ ln
 2
1 − Trρ21
 ≥ ln ( 21 − e−S 1
)
. (11)
In the following we compare different correlation measures
and numerically verify the inequalities.
A. Applications
All results so far were represented in some abstract one-
particle basis. In what follows we will focus on molecular sys-
tems with equal number of spin up (Nα) and spin down (Nβ)
electrons. To treat such systems it is convenient to work in
the closed shell Hartree-Fock (RHF) molecular orbital (MO)
basis, distinguish spin up and spin down MO states and to
denote them as i and i¯, respectively. This implies some addi-
tional symmetries. Obviously, 1Dij =
1Di¯
j¯
and 1Di
j¯
= 1Di¯j = 0,
and we have the following blocks for the 2-RDMs:
2Di jkl =
2Di¯ j¯
k¯l¯
, 2Di j¯
kl¯
= 2Di¯ j
k¯l
, (12)
and same holds for the cumulants. Since 2-RDMs in Eq. (12)
are obtained as scalar products of the cic j|ψ〉 and cic j¯|ψ〉 vec-
tors we will denote these blocks as AA and AB. Other 1- and
42-RDMs are obtained by the use of anti-commutation rela-
tions. In order to emphasize spin degrees of freedom we sepa-
rately compute the electronic correlation measures associated
with AA and AB blocks.
For the computation of entropies the density matrices must
be normalized to have trace equal to one. Thus, we introduce
D˜1 ij =
1
Nα
D1 ij, (13)
2D˜i ji j =
1
Nα(Nα − 1)
2Di ji j,
2D˜i j¯
i j¯
=
1
NαNβ
2Di j¯
i j¯
, (14)
with Tr[ D˜1 ] =
∑
i D˜1 ij = 1, Tr[ D˜
2 ] =
∑
i j D˜2
i j
i j = 1, and
Tr[ D˜2 ] =
∑
i j D˜2
i j¯
i j¯
= 1.
Carlen and Lieb showed [36] that the inequalities (10,11)
are saturated for single Slater determinant states. In fact, it
can be verified that boundary values are achieved for each spin
channel separately. For single determinant states the cumulant
matrix 2∆ vanishes and 2-RDM is given by its unconnected
components, 2Dikjl =
1∆ij ∧ 1∆kl . Specifically, 2Dikjl = fi fk(δi jδkl −
δilδ jk), and 2Dik¯jl¯ = fi fk¯δi jδk¯l¯ in the AA and AB channels. The
first matrix has Nα(Nα − 1)/2 nonzero eigenvalues equal to 2,
whereas the second one has NαNβ nonzero eigenvalues equal
to 1. Correspondingly, the entropies in each channel are S 0AA =
log 12Nα(Nα − 1) = 2 log Nα + O(1), and S 0AB = log NαNβ. In
the next section we will plot the entropies with respect to these
reference values.
IV. NUMERICAL ILLUSTRATIONS
We consider two simple multielectron system, the LiH
molecule (Figs. 1,2) and the H6 ring (Figs. 3,4) and study
how different correlation measures vary when the system de-
viates from equilibrium geometries. We use our implementa-
tion [37, 38] of the algorithm by Olsen et al. [39] based on the
graphical unitary group approach [40] for performing full CI
calculations and subsequent determination of 2-RDMs, cou-
pled cluster and multireference calculations are carried out
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FIG. 1. (Color online) Potential energy surfaces for the stretched LiH
molecule.
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FIG. 2. (Color online) Full CI calculation for the stretched LiH
molecule performed with the 6-311++G(2d,2p) basis set, 20 molecu-
lar orbitals are included in a correlated treatment. The electron corre-
lation increases monotonically as the bond is stretched. This is mani-
fested in the correlational energy (a), the entropies (b), the Frobenius
norm of the second cumulant matrices (c), and the expectation value
of the z ⊗ z operator (cf. 〈[Sˆ ⊗ Sˆ ]〉 in Eq. (7) or ∑i jkl S i jS kl2∆ikjl in
Eq. (8)) (d). The entropies are given with respect to the single deter-
minant values S 0AA and S
0
AB.
with gaussian 03 program. The systems represent two dif-
ferent scenarios of electronic correlations adopted in quantum
chemistry. The diatomic molecule is a typical system with
importance of dynamic correlations. Numerous Slater deter-
minants contribute to the correlation energy, however, one of
them is dominant. Thus, even for stretched geometries the
Hartree-Fock (HF) solution represents a valid starting point
for treating electronic correlations with single-reference meth-
ods [41]. This is not so for the H6 ring for which static cor-
relations are important. Even for slight deviations from the
equilibrium the wave-function of the system takes a form of a
sum of several equally significant Slater determinants. It was
shown by Be´nard and Paldus [42] that restricted HF solutions
are unstable with respect to spin-unrestricted perturbations for
a wide range of geometries. This invalidates the restricted
Hartree-Fock approach and also all the single-reference cor-
related methods based on it. At the same time poses an in-
teresting question on whether such spin-instabilities could be
detected by some correlation measures.
Let us consider first a simpler case of a single bond break-
ing. It can be easier treated with quantum chemistry meth-
ods as compared, e. g., with double bond breaking in O2, C2,
or triple bond breaking in N2 dimers. However, the physi-
cal mechanisms are the same. LiH possesses only four elec-
trons (in 1σ22σ2 configuration of the ground 1Σ+ state) which
makes it well suited for exact diagonalization studies. For
these rather small full electron calculations we used the 6-
311++G(2d,2p) basis set yielding a total of 37 basis functions.
Even with (6s2p)/[4s2p] contracted basis functions for the H
atom and (12s6p2d)/[5s4p2d] contraction for the Li atom it
is capable of representing a substantial portion of the corre-
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FIG. 3. (Color online) Potential energy surfaces for the symmetri-
cally stretched H6 molecule.
lation energy (Fig. 1). We used the augmented cc-p5z basis
set for the verification of our results. Stretching the molecule
(the equilibrium distance is 1.6 Å based on a CCSD calcula-
tion) leads to the breaking of a single covalent bond and to an
increase of the correlation energy (Fig. 2). Our simulations
indicate similar behavior for the entropies and norms of the
second cumulant matrices. Notice that the molecule is in the
singlet ground state and therefore there are only two indepen-
dent spin blocks: 2∆BB = 2∆AA, 2∆BA = 2∆AB. If HCP has the
electric field vector aligned perpendicular to the molecule’s
axis (in z-direction) the expectation value of the dipole mo-
ment vanishes (〈z〉 = 0) and we are in the situation analyzed
above. The correlated part of the survival probability is given
by the expectation value of the z⊗z two-particle operator and is
also computed in AA and AB channels (Fig. 2). Its dependence
on the interatomic distance is determined by two factors: the
norm increase of 2∆ and the matrix elements reduction of the
dipole operator. The latter dominates the behavior at large
inter-nuclear separations.
Let us look now at the manifestly multi-reference system,
the H6 ring, and investigate how the correlation measures de-
pend on a single geometric parameter, the nearest neighbor
distance RH−H. Notice, that such symmetric distortion repre-
sents a somewhat artificial situation as the dimerized state pos-
sesses a lower ground state energy. Multireference SCF in the
subspace of six electrons and six orbitals is capable of recov-
ering a major part of the correlation energy and also correctly
predicts the asymptotic state of six unpaired electrons residing
on six independent H atoms. In contrast, RHF method which
assumes that each molecular orbital is doubly occupied can-
not produce such asymptotic state and fails shortly above the
equilibrium distance. Even more drastic divergence shows the
single reference coupled cluster approach. In fact, it does not
even converge beyond RH−H = 3.6 Å. On the same Fig. 3 re-
sults of full CI are shown. The potential energy curve runs al-
most parallel to MCSCF, however, has a slightly higher energy
because not all molecular orbitals (only 30) were included in
the calculation. Both methods nicely converge towards the
asymptotic energy of −3 Hartree. We use the augmented cc-
pqz basis in the (7s4p3d2f)/[5s4p3d2f] contraction. The sur-
vival probability was computed for the case of electric field
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FIG. 4. (Color online) Full CI calculation for the stretched H6 ring
molecule performed with aug-cc-pvqz basis set, 30 molecular or-
bitals included in a correlated treatment. The electron correlation
increases monotonically as the bonds are stretched. This is mani-
fested in the correlational energy (a), the entropies (b), the Frobenius
norm of the second cumulant matrices (c), and the expectation value
of the z ⊗ z operator (cf. 〈[Sˆ ⊗ Sˆ ]〉 in Eq. (7) or ∑i jkl S i jS kl2∆ikjl in
Eq. (8)) (d). The entropies are given with respect to the single de-
terminant values S 0AA and S
0
AB. Thin lines with arrows denote results
for κ = 7 state. Notice, that this state was only computed for larger
interatomic distances where it becomes indistinguishable from the
ground state (see the energy plot). Blue and red shading stands for
the first and second Carlen-Lieb bound (Eq. (11)). Black and red
circles denote results for the 3H− asymptotic state.
perpendicular to molecular plane, the expectation value of the
dipole moment is zero (〈z〉 = 0). Correlation energy of this
system increases steeply as a function of H-H distance. The
norms of the second cumulant matrix and the entropies be-
have similarly. As in the case of LiH, the expectation value
of the direct product z ⊗ z is governed by two counteracting
factors: increasing 2∆ and reduction of z. At first sight the
spin instability is not manifested clearly in these correlational
measures. They show essentially the same dependence (up
to some scaling) for AA and AB blocks. The difference be-
comes obvious only by comparing with other electronic states
that have different spin configurations.
In the asymptotic limits some electronic states of the H6
system permit analytical treatment. Because of the vanishing
electron repulsion, 6H is the asymptotic ground state with four
possible values of the total spin. At large RH−H the atomic or-
bitals of six H atoms are not perturbed by the interaction with
other ions or electrons and each electron is in 1s state. Thus,
the density matrices can be conveniently computed in this ba-
sis. Since Nα = Nβ each quantum state of such six electron
system is given by a linear combination of the following Slater
determinants |α1α2α3β¯1β¯2β¯3〉, where {α1, α2, α3, β1, β2, β3} is
a permutation of orbitals 1 to 6 such that α1 < α2 < α3 and
β1 < β2 < β3, i.e. α and β string are written in the lexico-
graphic order. The spin part of the basis functions is indicated
by bar for the spin down states. There are in total 6!3!·3! = 20
6such determinants and they can be further divided into four
groups with multiplicities κ = 1, 3, 5, 7 each containing 5, 9,
5 and 1 state, respectively. All twenty states are degenerate
and we consider a particular example of the κ = 7 state in
which all the Slater determinants enter with the same coeffi-
cient. Other spin multiplicity states can be easily constructed
as explained in Pauncz [43]. The two-body density matrix is
built from combinatorics factors and evaluates as follows:
2Di ji j = −2Di jji =
4
20
(1 − δi j), (15a)
2Di j¯
i j¯
= −2Di j¯
ji¯
=
6
20
(1 − δi j), (15b)
and vanishes otherwise. Tracing AA or AB blocks leads to the
same one-particle density matrix
1Dij =
1
Nα − 1
6∑
k=1
2Dikjk =
1
Nβ
6∑
k=1
2Dik¯jk¯ =
1
2
δi j. (16)
It is clear that 1Q ji = 〈cˆ jcˆ†i 〉 = 1Dij and 1Qij¯ = 1Dij¯ = 0. One
verifies that the expectation value of the total spin squared
operator indeed corresponds to the multiplicity κ = 2 · 3 + 1 =
7:
〈Sˆ2〉 = 〈Sˆ−Sˆ+ + Sˆ2z + Sˆz〉 〈Sˆz〉=0= 〈∑
i
c†
i¯
ci
∑
j
c†jc j¯
〉
= Nβ −
6∑
i, j=1
2D ji¯
i j¯
= 12. (17)
The cumulant matrix is easily evaluated
2∆
i j
i j = −2∆i jji = −
1
40
(1 − δi j), (18a)
2∆
i j¯
i j¯
=
1
40
− 6
40
δi j, (18b)
2∆
i j¯
ji¯
= − 6
40
+
1
40
δi j. (18c)
This yields the norms ||2∆AA||F =
√
15
20 and ||2∆AB||F =
√
315
20 .
The expectation values of z⊗ z with respect to ∆2 AA and ∆2 AB
are zeros because the dipole transition moments between 1s
states vanish due to symmetry as manifested in the selection
rules. Notice, that for finite distances there is a hybridization
between these and higher angular momentum states. There-
fore, z ⊗ z can be different from zero.
The eigenvalues of the matrices (Eqs. (15)) are wAA1,...,15 =
1
15 ,
wAA16,...36 = 0, and w
AB
1,...,15 =
3
15 , w
AB
16,...36 = 0. After the normal-
ization we obtain the pair entropies S AA = S AB = log 15.
Similarly, the entropies can be computed from the 1-RDM,
S A = S B = log 6.
Another interesting case is in which the system dissociates
into three hydrogen anions (H−) and three protons. This is an
excited 20-fold degenerate, yet bound state of the system with
the binding energy of just 3 × 0.7542 eV=3 × 0.0277 Hartree
(measured with respect to the energy of 3 neutral H atoms).
The state is extremely correlated with RHF not being capable
of yielding the negative energy (for an overview on the elec-
tronic structure of H− we refer to A. R. P. Rau [44], in partic-
ular we quote from this work: ”The (wave-) function exhibits
a radial ”in-out” correlation between the electrons such that
when one electron is ”in” close to the nucleus, the other is kept
”out”.”). We can also view H− as a partial case of the He iso-
electronic series with the nuclear charge Z being very close to
the critical value Zcrit ≈ 0.911 at which ”a quantum phase tran-
sition” from a bound to an unbound two-electron system oc-
curs. A detailed analysis of this system was performed in the
context of strictly correlated-electrons functional [45]. The
fact that there are just two electrons in the system allows to
exactly compute the Kohn-Sham (KS) potential by simple in-
version of the KS equation [46]. The KS molecular orbitals
are eigenfunctions of the non-interacting Schro¨dinger equa-
tion. For the singlet κ = 1 two-electron state there is a one-to-
one correspondence between the exact density and the Kohn-
Sham orbitals ψ(r) =
[
ρ(r)
2
]1/2
. Even though the KS poten-
tial can be explicitly constructed, the density functional theory
does not permit to find the off-diagonal elements of 1-RDM.
Therefore, we use again the full CI approach. It is sufficient
to diagonalize the Hamiltonian for a single H− atom (for such
a system the larger aug-cc-pv6z basis set can be used) and to
construct the ∆2 for the total system by the observation that
it is given by a direct sum of the cumulant matrices of each
subsystem. In order to compute the entropies we reconstruct
the 2-RMD from the cumulant matrix and using the fact that
1-RDM is non-zero only when both indices denote states of
the same H− anion.
Numerical results for different correlation measures are
shown at Fig. 4 for the ground state together with asymptotic
values for the κ = 7 state (obtained analytically) and for the
3H− state. The latter is based on the full CI treatment of H−
and is only valid for RH−H → ∞. For finite distances there is a
coupling between the subsystems and one needs to diagonal-
ize the full Hamiltonian. This is, however, a formidable task
since 3H− is a highly excited state of the system not amenable
to the Lanczos diagonalization.
The blue shaded area on the entropy plot shows the differ-
ence between the exact value of the two-particle entropy and
the first Carlen and Lieb estimate, 2S 1 − ln
(
2
1−Trρ21
)
. The red
shaded area illustrates the second Carlen and Lieb inequal-
ity, 2S 1 −
(
2
1−e−S1
)
. Since at the asymptotic limit the 1-RDM
and, therefore, S 1 and Trρ21 are the same for all twenty de-
generate states, same inequalities hold for all of them. κ = 7
state saturates the inequalities and hence has the largest pos-
sible two-particle entropy among these states. 3H−, on the
other hand, has the smallest entropies and Frobenius norms
out of all states that we considered. For them correlational
measures lie in between these extremes. In fact, all three of
them are capable of discriminating between the spin configu-
rations. The survival probability which is closely connected to
the averaged value of z ⊗ z can even be measured experimen-
tally. In contrast, the 1-RDM and all associated correlational
measures are ignorant to the spin configuration as the exam-
ple of the asymptotic 6H states shows. Finally, we note the
correlation between the saturation behavior seen in Fig. 4(b,c)
7when RH−H is increased beyond ≈ 2.5 Å and the flatness at
these distances of the corresponding potential energy surface,
depicted in Fig. 3. Even though the electrostatics is less rel-
evant at these distances, the non-local nature imposed by the
(anti)symmetry on the total wave function persists for the iso-
lated expanding system. This means on the other hand, that
the asymptotic values of the entropy and ||2∆||F delivers short-
range (atomistic) information. This picture might change in
a nontrivial way when coupling the electronic and the ionic
system to external baths, in particular if the bath implies some
spin-flip scattering.
V. CONCLUSIONS
We explored theoretically the possibility of accessing the
electron correlations using a pump-probe technique with half-
cycle pulses. The non-resonant kick-type excitation is ap-
propriate in sofar as it allows for many-particle excitations
and can still be amenable to quasi-analytical treatment. We
demonstrated that to the leading order in the field intensity,
the probability for a system to remain and/or recur to the ini-
tial state (the survival probability) can be expressed in terms of
2-RDM and, hence, represents a measure for electronic corre-
lations. Exact diagonalization studies were performed on two
molecules LiH and H6 – prototypes of systems with impor-
tance from the point view of dynamic and static correlations.
In the dissociative limit the second system permits for an an-
alytical treatment of some electronic (asymptotic) states for
which different correlational measures and entanglement en-
tropies were computed. Even though these asymptotic sub-
systems can be considered as noninteracting, the states are
entangled due to the wave-function anti-symmetry. This is re-
flected in the two-particle entropy, the Frobenius norm of the
second cumulant matrix ||2∆||F and in the expectation value of
the z⊗z operator. The latter can be inferred from the proposed
measurement of the survival probability. Thus corresponding
experiments can probe the spin configuration of many-body
systems.
VI. ACKNOWLEDGMENTS
The work is supported by DFG-SFB762. We thank Robert
Moshammer for stimulating discussions.
[1] E. Goulielmakis, M. Schultze, M. Hofstetter, V. S. Yakovlev,
J. Gagnon, M. Uiberacker, A. L. Aquila, E. M. Gullikson, D. T.
Attwood, R. Kienberger, F. Krausz, and U. Kleineberg, Science
320, 1614 (2008).
[2] Y. Ding, Z. Huang, D. Ratner, P. Bucksbaum, and H. Merdji,
Phys. Rev. Spec. - Ac. 12, 060703 (2009).
[3] B. Bergues, M. Ku¨bel, N. G. Johnson, B. Fischer, N. Ca-
mus, K. J. Betsch, O. Herrwerth, A. Senftleben, A. M. Sayler,
T. Rathje, T. Pfeifer, I. Ben-Itzhak, R. R. Jones, G. G. Paulus,
F. Krausz, R. Moshammer, J. Ullrich, and M. F. Kling, Nat.
Commun. 3, 813 (2012).
[4] T. Kampfrath, K. Tanaka, and K. A. Nelson, Nat. Photonics 7,
680 (2013).
[5] M. Chini, K. Zhao, and Z. Chang, Nat. Photonics 8, 178 (2014).
[6] R. R. Jones, D. You, and P. H. Bucksbaum, Phys. Rev. Lett. 70,
1236 (1993).
[7] C. Raman, C. W. S. Conover, C. I. Sukenik, and P. H. Bucks-
baum, Phys. Rev. Lett. 76, 2436 (1996).
[8] J. Ahn, D. N. Hutchinson, C. Rangan, and P. H. Bucksbaum,
Phys. Rev. Lett. 86, 1179 (2001).
[9] H.-C. Wu and J. Meyer-ter Vehn, Nat. Photonics 6, 304 (2012).
[10] C. O. Reinhold, M. Melles, H. Shao, and J. Burgdorfer, J. Phys.
B 26, L659 (1993).
[11] R. R. Jones, Phys. Rev. Lett. 76, 3927 (1996).
[12] A. Matos-Abiague and J. Berakdar, Phys. Rev. A 68, 063411
(2003).
[13] A. Matos-Abiague and J. Berakdar, Chem. Phys. Lett. 382, 475
(2003).
[14] H. Stapelfeldt and T. Seideman, Rev. Mod. Phys. 75, 543
(2003).
[15] A. Matos-Abiague and J. Berakdar, Appl. Phys. Lett. 84, 2346
(2004).
[16] A. Matos-Abiague and J. Berakdar, Europhys. Lett. 69, 277
(2005).
[17] A. Matos-Abiague and J. Berakdar, Phys. Rev. B 69, 155304
(2004).
[18] A. Matos-Abiague and J. Berakdar, Phys. Scr. 2005, 241
(2005).
[19] A. S. Moskalenko, A. Matos-Abiague, and J. Berakdar, Phys.
Rev. B 74, 161303 (2006).
[20] J. J. Mestayer, W. Zhao, J. C. Lancaster, F. B. Dunning, C. O.
Reinhold, S. Yoshida, and J. Burgdo¨rfer, Phys. Rev. Lett. 99,
183003 (2007).
[21] Z.-G. Zhu and J. Berakdar, Phys. Rev. B 77, 235438 (2008).
[22] A. Stolow, A. E. Bragg, and D. M. Neumark, Chem. Rev. 104,
1719 (2004).
[23] G. Sansone, F. Kelkensberg, J. F. Pe´rez-Torres, F. Morales,
M. F. Kling, W. Siu, O. Ghafur, P. Johnsson, M. Swo-
boda, E. Benedetti, F. Ferrari, F. Le´pine, J. L. Sanz-Vicario,
S. Zherebtsov, I. Znakovskaya, A. L’Huillier, M. Y. Ivanov,
M. Nisoli, F. Martı´n, and M. J. J. Vrakking, Nature 465, 763
(2010).
[24] P. Hockett, C. Z. Bisgaard, O. J. Clarkin, and A. Stolow, Nature
Phys. 7, 612 (2011).
[25] K. Schnorr, A. Senftleben, M. Kurka, A. Rudenko, L. Fou-
car, G. Schmid, A. Broska, T. Pfeifer, K. Meyer, D. Aniel-
ski, R. Boll, D. Rolles, M. Ku¨bel, M. F. Kling, Y. H. Jiang,
S. Mondal, T. Tachibana, K. Ueda, T. Marchenko, M. Simon,
G. Brenner, R. Treusch, S. Scheit, V. Averbukh, J. Ullrich, C. D.
Schro¨ter, and R. Moshammer, Phys. Rev. Lett. 111, 093402
(2013).
[26] Y. H. Jiang, A. Senftleben, M. Kurka, A. Rudenko, L. Foucar,
O. Herrwerth, M. F. Kling, M. Lezius, J. V. Tilborg, A. Belka-
cem, K. Ueda, D. Rolles, R. Treusch, Y. Z. Zhang, Y. F. Liu,
C. D. Schro¨ter, J. Ullrich, and R. Moshammer, J. Phys. B 46,
164027 (2013).
[27] H. Ibrahim, B. Wales, S. Beaulieu, B. E. Schmidt, N. Thire´,
E. P. Fowe, E. Bisson, C. T. Hebeisen, V. Wanie, M. Gigue´re,
8J.-C. Kieffer, M. Spanner, A. D. Bandrauk, J. Sanderson, M. S.
Schuurman, and F. Le´gare´, Nat. Commun. 5, 4422 (2014).
[28] D. A. Mazziotti, Reduced-Density-Matrix Mechanics: with Ap-
plication to Many-Electron Atoms and Molecules, Advances in
Chemical Physics, Vol. 134 (John Wiley & Sons, Hoboken,
New Jersey, 2007).
[29] D. A. Mazziotti, Chem. Rev. 112, 244 (2012).
[30] J. T. Skolnik and D. A. Mazziotti, Phys. Rev. A 88, 032517
(2013).
[31] D. A. Mazziotti, Chem. Phys. Lett. 289, 419 (1998).
[32] H. Flanders, Differential forms with applications to the physical
sciences (Dover Publications, Mineola, N.Y, 1989).
[33] There are actually two rules under this name. We are talking
here about the expression for the total probability which is ob-
tained from the rate equation by the integration with the fre-
quency profile of the excitation pulse.
[34] We note by passing that the quantities which are defined here
are of a general nature. In fact, in solids a drastic change in
electronic properties may occur upon driving the lattice by an
external field, as confirmed by series of recent experiments (al-
beit not dedicated to the quantity we are discussing here, the
survival probability) [47]).
[35] T. Juha´sz and D. A. Mazziotti, J. Chem. Phys. 125, 174105
(2006).
[36] E. A. Carlen and E. H. Lieb, arXiv:1403.3816 [quant-ph]
(2014).
[37] Y. Pavlyukh and W. Hu¨bner, Phys. Rev. B 75, 205129 (2007).
[38] Y. Pavlyukh, J. Berakdar, and A. Rubio, Phys. Rev. B 87,
125101 (2013).
[39] J. Olsen, B. O. Roos, P. Jo¸rgensen, and H. J. A. Jensen, J.
Chem. Phys. 89, 2185 (1988).
[40] P. Knowles and N. Handy, Chem. Phys. Lett. 111, 315 (1984).
[41] G. E. Scuseria, T. P. Hamilton, and H. F. Schaefer III, J. Chem.
Phys. 92, 568 (1990).
[42] M. Be´nard and J. Paldus, J. Chem. Phys. 72, 6546 (1980).
[43] R. Pauncz, Spin eigenfunctions: construction and use (Plenum
Press, New York, 1979).
[44] A. R. P. Rau, J. Astrophys. Astr. 17, 113 (1996).
[45] A. Mirtschink, C. J. Umrigar, J. D. Morgan III, and P. Gori-
Giorgi, J. Chem. Phys. 140, 18A532 (2014).
[46] C. J. Umrigar and X. Gonze, Phys. Rev. A 50, 3827 (1994).
[47] M. Porer, U. Leierseder, J.-M. Me´nard, H. Dachraoui,
L. Mouchliadis, I. E. Perakis, U. Heinzmann, J. Demsar,
K. Rossnagel, and R. Huber, Nat. Mater. 13, 857 (2014).
